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Derivative of Inverse Function

We state without proof the result on the derivative of inverse function.

Theorem (Derivative of inverse)

If f is increasing (respectively decreasing) and continuous on an interval

(a,b) and f'(xg) > 0 (respectively f'(xy) < 0 ) for some xy € (a, b), then
f~1 is differentiable at the point yo = f(xg), and

1
(Y 00) = ey
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Derivative of Inverse Function

Note that the condition that f is increasing and continuous on (a, b) tells
us that the function f is injective and the inverse f~1 exists.
In the next example, we demonstrate the formula

1y 1
() (n) = FF100))
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Let f(x) = cos x, where x € (0, 7). Find (f71)’(0).

Note that

° (f_l),(o) = _l_fr(f—l 0))
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Let f(x) = cos x, where x € (0, 7). Find (f71)’(0).

Note that

° (f_l),(o) = _l_fr(f—l 0))

-1

—sin(cos~1(0))  —sin(7r/2) N
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Inverse Trigonometric Functions

_ = ——— for —1 1.
(1) = (sin'x) Nl or —1 < x <
d 1 =1
_ = ———  for —1 1.
Q = (cos™ x) ViRl or —1 < x <
d 1 1
Qa(tan X):]_—I——X2’ fOI’XG]R.
Q i (cot_lx) = _—1 for x € R
dx 14+ x2’ ’
d 1
Q@ —(secix)=———— forx< —1lorx>1.
dx( ) Ix|vVx2 =1
d =1
Q@ — (cscix)=—————  forx<—1lorx>1.
dX( ) |x|vx? =1
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Inverse Trigonometric Functions

Proof of (1).

We use implicit differentiation to obtain the derivative of the inverse
function.

Let y = f(x) =sin"*(x), where x € (—1,1) and y € (—Z, Z).
Note that

y = f(x) =sin"}(x) <= siny = x.

Differentiate sin y = x with respect to x implicitly, we have

d d 1
(cosy) d_i =1, which gives d—i = sy
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Inverse Trigonometric Functions

Proof of (1) (Cont'd).

.dy 1
We have: x = sy

By the trigonometric identity cos? y +sin’ y = 1, we have

coszyzl—sin2y=1—x2.

Since y € (=5, %), we have cosy > 0. Therefore, cosy = /1 — x2.Thus,
we have
dy 1 1

dx  cosy - V1—x2

Tang Wee Kee (Nanyang Technological Unive MH1810 Math 1 Part 3 Differentiation




Inverse Trigonometric Functions

The derivatives of the other inverse trigonometric functions can be proved
similarly. You should at least verify (via implicit differentiation)

1
14 x2°

% (tan*1 x) =
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