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Topics: Reduction Formulae, Improper Integrals, Areas, Volumes.

1. Let I, :/ cos"vdx forn=0,1,2,3,---.
(a) Prove the reduction formula

1 -1
I, = =cos" 'zsinz + L.Tn,Q for n > 2.
n n

(b) Use part(a) to evaluate
(1) / cos® x dz.
m/2
(ii) / cos* z da.
0

[Solution]

(a) For n > 2, we have

I, = / cos" xdx = / (cos" ') cosz da
—_—— TV
v/

u

= (cos™ ') (sinz) — n— cos" 2 z) (—sinz)sinz dx
— (05" 1) sin) [ (0 1) (cos"20) (— sino)sing; d

v
u v u!

= (cos™ ' z) (sinz) + /(n —1) (cos" 2 z) (sin® z) dx
= (cos™ ') (sinz) + /(n —1) (cos" 2 z) (1 — cos® z) dx

= (cos™ ') (sinz) + (n — 1) /(((305”_2 z)dr—(n—1) /((cos"_2 z) cos® z) dx.

—_
In_—2 In,

Therefore, we have
I, = (cos™ ') (sinz) + (n — 1)I,—» — (n — 1)1,

which gives
n_[n = ((}0877’_1 {E) (Sinx) + (TL - 1)In727

and hence 1
_ . n—
I,==cos" 'osine + ——1I, o
n n

(b) Use part(a) to evaluate
1
(i) / cos®x dx = I = 3 cos? xsinz + g[l

2 1 2
= gcos%csinx—i— g/cosx dr = gcos2xsinx+ gsinx—i—C .



1
(ii) / costzdr=1,= 1 cos® zsinz + ZIQ
I 3 /1 , 1
= — cos xsmx—i—i §cosxsmx—|—§lo Wherelozfldx:a:+01.

Thus, we have
/ﬁ/2 cos? x dr = 1cos?’atsinﬂc—I— 3 lcosmsinx + —x " _3r
0 B 4\2 27)], 16
2. Evaluate each of the following improper integrals.
1
(a) / zlnz dz
0
1
4dr
b —dr
o [ =
<1
W [ =
— dx
5 x—1
e 1
d
(€) /2 z(lnx)? “
[Solution]
1
(a) / zInz dz is improper since In 0 is undefined. We have
0
1 1
/ rzlnzx dr = lim zlnz dr.
0 a—0t Jq
Using integration by parts, we have
! x? ! RN | —a? 221" a? 1 a2
/a .'L'lnx de': I:Q(lnfﬁ):la_/a ? de:T(lna)— [4}a:2(lna)—4—l—4

Therefore, we have
1 2 2
- 1
/0 zlnz dr = alir& (;(lna) 1t 2)

We evaluate the first limit as follows:

a? . Ina \ e . % . a?
(Gm0) -3 () 2 35 () - 25 ()

lim

a—0t a—0t

indet ‘0-c0’ foof
oo

1
Thus,wehave/ mlnzdz:fi.
0

The improper integral converges to T



Lo b Y b2
b ————dr = lim ————dr| = lim [2 ——— du | = lim 2[sin"'(u
(b) /0 V1—rt b—1— /0 V1—rt b—1- o V1—u2 b1 [ ( )]0

subst. u=r2

7r
frd 1. 2 in~! b2 frd 2 —) =
Jim (sin™'(b?)) (2) T
The improper integral converges to .

(C)/l Edm_bliglo 1 Edw_bli{go [—2x2]1_blggo(—262+2> T2

The improper integral converges to 3

o1 . b . by
(d)/g, mdx:bli“;c</5mdx>—b1;n;o[2 v—1); = lim (2vb—1-14) = o0

The improper integral diverges.

< b -11° -1 1 1
———— dr = li ——dz|=1lm |—| =1 —— =
(€) /2 z(lnx)? T (/2 z(lnx)? 33) e LnxL i <1nb + ln2> In2

. . 1
The improper integral converges to Lo
n



3. Sketch each of the region enclosed by the given lines and curves. Find the area of the enclosed region.

(Answers: (a) 2 (b) § (c) § (d) 20)
[Solution] For the above, sketch the graphs to find the enclosed regions.

1 -
ta) 9= Ax- X, Y= -3
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(d):
For region Aj, note that 0 < y < 2, the area of a typical horizontal strip is (2y — (y* — y?))(dy).

Thus, the area of the region A; is

2 4 372 8
2 — (3 — v2)) dy = |2 — vy .y _°
/O 2y—("—v)) dy {y 1t3]. 73

For region As, note that —1 <y < 0, the area of a typical horizontal strip is ((y® — y?) — 2y)(6y).



Thus, the area of the region A; is

/0((y3—y2)—2y)dy: B_g

-1

37

. 8 5
Total area is 5 + 15 = 13-



4.

(a) Find the area of the region bounded by the parabola y = 22, the tangent line to this parabola at
(1,1), and the z-axis.

d
2. we have Y _ 2x. Thus the equation of tangent line to this parabola at

T
(L)isy—1=2(x—1),ie,y=2z—1.
From the sketch of the graph of y = 2% and y = 2z — 1,

[Solution] For y = x

Yo wt o<y =< |
3 7

x=dy ;/ési_&f y oy
\ by e

Lr.a{‘r»—[ =2 K= d+1)/ ot

C = _ ytl
Note: y =2z — 1 &z = £=.

1
At each y where 0 < y < 1, the area of each horizontal strip is (y; —Y) - 6y.

Therefore, the area required is
[ swen—va] av=b s by 2= 5

Alternative solution:

The area required is the difference between the area of the region under the curve y = z2 for
0 < 2 < 1 and the area of the region (which is a triangle ) under the line y = 2z — 1, for
1/2<z<1.

Thus we have area required is
1 371
1 1 x 1 1 1 1
2
dr — -()(z)=|—=| —-=z—-=—.
/Om v=30G) {3}0 173 1 12

(b) Sketch the region bounded by the given curves and find the area of the region:
y=sinz,y =€,z =0,z =m/2

[Solution] You should sketch the graphs of y = sinz,y = €® on [0, 7/2]:

Lﬂ_.n:_?i"l'x :E?%']_HG

0 / = - = (42 _5)8
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Note that for each 0 < < 7, the area of the vertical strip is (e” — sinx)dz.
The area of the region is thus given by

2

us
E
/ e’ —sinz dz = (e* +cosz)| =e? —2.
0



5. The base of a solid S is circular disk with radius r. Parallel cross-sections perpendicular to the base

16
are squares. Show that the volume of the solid S is —r°.

(Note that the equation of a circle with radius r and centered at (0,0) is 22 + y? = r2.)

[Solution] Consider the circular disc with equation 2% + y? = r2, centered at (0,0) with radius 7.

—v < £
' -ﬂj'r .
u |l G heegh®
5 &,_;.L,r'r o3 R
|
A S el
Iz s
- o Olare e ;I/L Q(il.ﬂiﬂ""{‘ _)- 5L
=4k -%x")

For each x where —r < x < r, note that the area of each square cross-section is
Ax) = (2y)2 =(2Vr?— a:2)2 = 4(7“2 — 332).

Thus, for —r < x < r, the volume of a square slice is 4(7“2 — 332)(5:5.
So, the volume of solid is

T r 1 T 1
/ 4(r? — 2?) do = / 4(r* —2%) dv =4 {7‘29: — xg] = §6r3

6. (a) Find the volume of the solid obtained by revolving the region bounded by the curves = = y — y?

and z = 0 about the y-axis. (Answer: 5)

[Solution] Sketch a diagram and note that:

A =y-y? 15[‘3‘-_’] Voldwee 4 dichk

P o
S 2
(= = T(y-y")- 5y

— —7 i
A Y, v ooy I% dase g (H“jlj

For each y with 0 < y < 1: a cross section is a disk with radius y — y? and thickness dy so that
its volume is 7(y — 32)?(dy) .
1 1
Thus, the volume of the solid is / m(y — y2)2 dy = 77/ y? =23 +yt dy
0 0
1
=m(y*/3—2y"/24y°/5)




(b) Find the volume of the solid generated by revolving the regions bounded by the curve y = 23 and
lines y = 0 and = = 2 about the z-axis.

37T

[Solution]

Vo [une =f)t Lise
— ﬂ(g(_j’)l -(gDC)

Using the disc method, we have the volume of the solid is given by
2 717 128
/ m(x®)? do = |:7Tw:| = =0T
0 71 7

Method using Cylindrical shell: We shall use a horizontal slice with 0 < y < 8. This
horizontal slice generates a cylindrical shell when it is rotated about the z-axis.

Volume of a typical cylindrical shell is 27(y)(2 — /) (6y).

Thus the volume of the solid is




(¢) Find the volume of the solid obtained by revolving the region bounded by the curves y = = and
y = /z about the line z = 2.(Answer: 7 )
[Solution] Sketch the graph and note that

j N\
df’
-7 |
b Ly 5%,
= s Y
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< >
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At each y between 0 and 1:

each horizontal slice is ring (center from the line = 2): with thickness dy, with outer radius
2 — 92 and inner radius is 2 — y.

Thus the volume of typical slice is

T((2-9%)° = (2-y)?) dy.

Therefore volume of the solid is

/O T[2-y")? - (2-y)?] dy:?f/o [(4—4y +y") —(4—dy+y°)] dy

1 3 5 1
-5y Y 9 -5 1 8
=7 —5y% +y* + 4y dy:ﬁ{ ++2y} =(+—|—2 ™= —T.
/0( ) 3 5 o 3 5 15

Method by Cylindrical shell:

For each = where 0 < x < 1, each vertical strip rotated about the line x = 2 will generate a
cylindrical shell with radius (2 —z) and height (v/z —z). Thus, the volume of a typical cylindrical
shell is 27(2 — x)(v/z — z)(0x).

Therefore, the volume of the solid is

1 1
/ 21(2 — 2) (Vo — ) dox = 27r/ (2 —-2)(Vz — ) dx
0 0



1
:27r/ (2\/5—2z—x3/2+x2) de =27
0



7. Find the volume of the solid generated by revolving the regions bounded by the lines and curves about
the y-axis.

(a) z=¢y%2 2=0,y=2

b) = /2sin2y, 0<y<7w/2, =0

[Solution]
(a) Volume of the solid is /2(71';1/3) dy:ﬂ'[y;]zzélw
4
© Msc MH‘”‘L J:{( ié)z_
Vo lu vt rf; solid ~ 2 g -
- ﬂjﬁgé = (%) l
T 4T
G} hhcn-ﬁ#m.lx J{L'“vﬂ-l“’{‘ A1 } \
Uo lumae “f solid = JJ-J"(..JL} (z2-% ) =
o

J5 5/
4
= 2T\ 2x — X d

34 0%
° [:-r:.'l— Eil
= 27T ¥/
C




/2 /2
(b) Volume of the solid is / 7(\/2sin(2y))? dy = 7'[‘/ 2sin(2y) dy = 7 [— cos(2y)]g/2 = 2.
0 0




8. Use the method of cylindrical shells to find the volume of the solid obtained by rotating the region
bounded by the curves z +y = 3 and © = 4 — (y — 1)? about the z-axis.

[Solution] For 0 < y < 3,

N X s h-(gT Lindaced slell
\Qx Zl ;D,Uj o < Y < 5

8
4-|- Y
a{+j;§ﬁ_\“‘7‘"
o /} L;::F?E.J

The volume §V of a typical cylindrical shell is

oV =2my 4—(y—1>-(3-y)] &y
Height of cylindrical shell

Thus, the volume V' of the solid is
3 3
/ 2myld — (y — 1) = B —y) dy = 27r/ y(—y* +3y) dy
0 0

4

3 3
- 27
:271'/ —y3+3y2dy=2ﬂ'[—y+y3] Sl
0 4 0



9. Consider the region bounded by the graphs of y =tan~'z, y =0 and = = 1.

(a) Find the area of the region.
(b) Find the volume of the solid formed by revolving this region about the y-axis.

[Solution]
(a) Note that for 0 <2 <1 and 0 <y < 7/4, we have y = tan™ ! 7 <= z = tany.

e

= 7 - () (1 +2%)]; =

1 1
1
Area of the region is / tan !z do = [x tan_l](l) — / x ( 2) dx
0 0 1+IE
0
4 4

2

Alternative Method: Area of the enclosed region is

71'/4 1
/ 1 —tany dy = [y — In|secz| ]3/42Z—(ln\/i—lnl):%—ln\/ﬁz%—glnl
0

(b) Volume of each cylindrical shell is (27x)(tan™" z)dz where 0 < z < 1.

1 1
Thus the volume of the solid is / (27x)(tan~ ' 2) dx = 27r/ rtan~ 'z dz.
0 0

1
Now, we apply integration by parts to / ztan tz do
0

’r_ . r_— 1 _2®
z,v" = x so that u = 177 and v = 5

u=tan"!

1 2 1 1,2
1
r tan 'z dr = {I tanlx} —/ x—( ) dx
~- o Jo 2

0 IR/—’ 2 1+ 22
T 1 [ 1 ™ 1 7 @« 1
= — — — 1— d:——— —t -1 = — — — —_ = = — =
8 2/0( 1+m2> r=g gl @l =g oo tg =13
. m 1 7r
Thus, the volume is QW(Z — 5) = 7r(§ -1).



Alternative Method: The volume of the solid is
w/4 /4
/ (m(1)? — 7(tany)?) dy = 77/ (1—tan’y) dy
0 0

/4 /4 T
:77/ (1—(sec®y — 1)) dy = [2y — tany]] :77(5—1)
0



