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1. Let In =
Z
cosn x dx for n = 0; 1; 2; 3; � � � .

(a) Prove the reduction formula

In =
1

n
cosn�1 x sinx+

n� 1
n

In�2 for n � 2:

(b) Use part(a) to evaluate

(i)
Z
cos3 x dx.

(ii)
Z �=2

0

cos4 x dx.

[Solution]

(a) For n � 2, we have
In =

Z
cosn x dx =

Z �
cosn�1 x

�| {z }
u

cosx| {z }
v0

dx

=
�
cosn�1 x

�| {z }
u

(sinx)| {z }
v

�
Z
(n� 1)

�
cosn�2 x

�
(� sinx)| {z }

u0

sinx|{z}
v

dx

=
�
cosn�1 x

�
(sinx) +

Z
(n� 1)

�
cosn�2 x

�
(sin2 x) dx

=
�
cosn�1 x

�
(sinx) +

Z
(n� 1)

�
cosn�2 x

�
(1� cos2 x) dx

=
�
cosn�1 x

�
(sinx) + (n� 1)

Z
(
�
cosn�2 x

�
dx| {z }

In�2

�(n� 1)
Z
(
�
cosn�2 x

�
cos2 x) dx| {z }

In

:

Therefore, we have
In =

�
cosn�1 x

�
(sinx) + (n� 1)In�2 � (n� 1)In

which gives
nIn =

�
cosn�1 x

�
(sinx) + (n� 1)In�2;

and hence
In =

1

n
cosn�1 x sinx+

n� 1
n

In�2

(b) Use part(a) to evaluate

(i)
Z
cos3 x dx = I3 =

1

3
cos2 x sinx+

2

3
I1

=
1

3
cos2 x sinx+

2

3

Z
cosx dx =

1

3
cos2 x sinx+

2

3
sinx+ C .



(ii)
Z
cos4 x dx = I4 =

1

4
cos3 x sinx+

3

4
I2

=
1

4
cos3 x sinx+

3

4

�
1

2
cosx sinx+

1

2
I0

�
where I0 =

R
1 dx = x+ C1.

Thus, we haveZ �=2

0

cos4 x dx =

�
1

4
cos3 x sinx+

3

4

�
1

2
cosx sinx+

1

2
x

���=2
0

=
3�

16
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2. Evaluate each of the following improper integrals.

(a)
Z 1

0

x lnx dx

(b)
Z 1

0

4rp
1� r4

dr

(c)
Z 1

1

1

x3
dx

(d)
Z 1

5

1p
x� 1

dx

(e)
Z 1

2

1

x(lnx)2
dx

[Solution]

(a)
Z 1

0

x lnx dx is improper since ln 0 is unde�ned. We haveZ 1

0

x lnx dx = lim
a!0+

Z 1

a

x lnx dx:

Using integration by parts, we have

Z 1

a

x lnx dx =

�
x2

2
(lnx)

�1
a

�
Z 1

a

x2

2

1

x
dx =

�a2
2
(ln a)�

�
x2

4

�1
a

=
�a2
2
(ln a)� 1

4
+
a2

4

Therefore, we have Z 1

0

x lnx dx = lim
a!0+

�
�a2
2
(ln a)� 1

4
+
a2

4

�
:

We evaluate the �rst limit as follows:

lim
a!0+

�
a2

2
(ln a)

�
| {z }

indet `0�10

= lim
a!0+

�
ln a

2=a2

�
| {z }

`1
1

0

L0H
= lim

a!0+

� 1
a

�4=a3

�
= lim

a!0+

�
a2

�4

�
= 0:

Thus, we have
Z 1

0

x lnx dx = �1
4
.

The improper integral converges to �1
4
.



(b)
Z 1

0

4rp
1� r4

dr = lim
b!1�

 Z b

0

4rp
1� r4

dr

!
= lim

b!1�

 
2

Z b2

0

1p
1� u2

du

!
| {z }

subst. u=r2

= lim
b!1�

2
�
sin�1(u)

�b2
0

= lim
b!1�

2
�
sin�1(b2)

�
= 2(

�

2
) = �

The improper integral converges to �.

(c)
Z 1

1

1

x3
dx = lim

b!1

Z b

1

1

x3
dx = lim

b!1

�
1

�2x2

�b
1

= lim
b!1

�
1

�2b2 +
1

2

�
=
1

2

The improper integral converges to
1

2
.

(d)
Z 1

5

1p
x� 1

dx = lim
b!1

 Z b

5

1p
x� 1

dx

!
= lim

b!1

�
2
p
x� 1

�b
5
= lim

b!1

�
2
p
b� 1� 4

�
=1

The improper integral diverges.

(e)
Z 1

2

1

x(lnx)2
dx = lim

b!1

 Z b

2

1

x(lnx)2
dx

!
= lim

b!1

�
�1
lnx

�b
2

= lim
b!1

�
�1
ln b

+
1

ln 2

�
=

1

ln 2

The improper integral converges to
1

ln 2
.
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3. Sketch each of the region enclosed by the given lines and curves. Find the area of the enclosed region.

(a) y = 2x� x2 and y = �3
(b) y = x2 � 2x and y = x
(c) x = y2 and x = y + 2

(d) x = y3 � y2 and x = 2y

(Answers: (a) 323 (b)
9
2 (c)

9
2 (d)

37
12 )

[Solution] For the above, sketch the graphs to �nd the enclosed regions.





(d):

For region A1, note that 0 � y � 2, the area of a typical horizontal strip is (2y � (y3 � y2))(�y).
Thus, the area of the region A1 isZ 2

0

(2y � (y3 � y2)) dy =
�
y2 � y

4

4
+
y3

3

�2
0

=
8

3

For region A2, note that �1 � y � 0, the area of a typical horizontal strip is ((y3 � y2)� 2y)(�y).



Thus, the area of the region A1 isZ 0

�1
((y3 � y2)� 2y) dy =

�
y4

4
� y

3

3
� y2

�0
�1
= �(1=4)� 1=3 + 1 = 5

12

Total area is 8
3 +

5
12 =

37
12 .
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(a) Find the area of the region bounded by the parabola y = x2, the tangent line to this parabola at
(1; 1), and the x-axis.

[Solution] For y = x2, we have
dy

dx
= 2x. Thus the equation of tangent line to this parabola at

(1; 1) is y � 1 = 2(x� 1), i.e., y = 2x� 1.
From the sketch of the graph of y = x2 and y = 2x� 1,

Note: y = 2x� 1, x = y+1
2 .

At each y where 0 � y � 1, the area of each horizontal strip is (y + 1
2

�py) � �y.
Therefore, the area required isZ 1

0

�
1

2
(y + 1)�py

�
dy =

1

4
y2 +

1

2
y � 2

3
(
p
y)3
��1
0
=
1

12
:

Alternative solution:
The area required is the di¤erence between the area of the region under the curve y = x2 for
0 � x � 1 and the area of the region (which is a triangle ) under the line y = 2x � 1, for
1=2 � x � 1.
Thus we have area required isZ 1

0

x2dx� 1
2
(1)(

1

2
) =

�
x3

3

�1
0

� 1
4
=
1

3
� 1
4
=
1

12
:

(b) Sketch the region bounded by the given curves and �nd the area of the region:

y = sinx; y = ex; x = 0; x = �=2

[Solution] You should sketch the graphs of y = sinx; y = ex on [0; �=2]:



Note that for each 0 � x � �
2 , the area of the vertical strip is (e

x � sinx)�x.
The area of the region is thus given byZ �

2

0

ex � sinx dx = (ex + cosx)
�����2
0

= e
�
2 � 2:
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4. The base of a solid S is circular disk with radius r. Parallel cross-sections perpendicular to the base

are squares. Show that the volume of the solid S is
16

3
r3.

(Note that the equation of a circle with radius r and centered at (0; 0) is x2 + y2 = r2.)

[Solution] Consider the circular disc with equation x2 + y2 = r2, centered at (0; 0) with radius r.

For each x where �r � x � r, note that the area of each square cross-section is

A(x) = (2y)2 = (2
p
r2 � x2)2 = 4(r2 � x2):

Thus, for �r � x � r, the volume of a square slice is 4(r2 � x2)�x.
So, the volume of solid isZ r

�r
4(r2 � x2) dx =

Z r

�r
4(r2 � x2) dx = 4

�
r2x� 1

3
x3
�r
�r
=
16

3
r3
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5. (a) Find the volume of the solid obtained by revolving the region bounded by the curves x = y � y2
and x = 0 about the y-axis. (Answer: �

30 )
[Solution] Sketch a diagram and note that:

For each y with 0 � y � 1: a cross section is a disk with radius y � y2 and thickness �y so that
its volume is �(y � y2)2(�y) .

Thus, the volume of the solid is
Z 1

0

�(y � y2)2 dy = �
Z 1

0

y2 � 2y3 + y4 dy

= �
�
y3=3� 2y4=2 + y5=5

� ����1
0

=
�

30
.
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(b) Find the volume of the solid generated by revolving the regions bounded by the curve y = x3 and
lines y = 0 and x = 2 about the x-axis.
[Solution]

Using the disc method, we have the volume of the solid is given byZ 2

0

�(x3)2 dx =

�
�
x7

7

�2
0

=
128�

7
:

Method using Cylindrical shell: We shall use a horizontal slice with 0 � y � 8. This
horizontal slice generates a cylindrical shell when it is rotated about the x-axis.
Volume of a typical cylindrical shell is 2�(y)(2� y1=3)(�y).

Thus the volume of the solid isZ 8

0

2�(y)(2� y1=3)dy = 2�
Z 8

0

�
2y � y5=3

�
dy = 2�

�
y2 � 3y

7=3

7

�8
0

=
128�

7
:
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(c) Find the volume of the solid obtained by revolving the region bounded by the curves y = x and
y =

p
x about the line x = 2.(Answer: 8

15� )
[Solution] Sketch the graph and note that

At each y between 0 and 1:
each horizontal slice is ring (center from the line x = 2): with thickness �y, with outer radius
2� y2 and inner radius is 2� y.
Thus the volume of typical slice is

�
�
(2� y2)2 � (2� y)2

�
�y:

Therefore volume of the solid isZ 1

0

�
�
(2� y2)2 � (2� y)2

�
dy = �

Z 1

0

�
(4� 4y2 + y4)� (4� 4y + y2)

�
dy

= �

Z 1

0

�
�5y2 + y4 + 4y

�
dy = �

�
�5y3
3

+
y5

5
+ 2y2

�1
0

=

�
�5
3
+
1

5
+ 2

�
� =

8

15
�:

Method by Cylindrical shell:
For each x where 0 � x � 1, each vertical strip rotated about the line x = 2 will generate a
cylindrical shell with radius (2�x) and height (

p
x�x). Thus, the volume of a typical cylindrical

shell is 2�(2� x)(
p
x� x)(�x).

Therefore, the volume of the solid isZ 1

0

2�(2� x)(
p
x� x) dx = 2�

Z 1

0

(2� x)(
p
x� x) dx



= 2�

Z 1

0

�
2
p
x� 2x� x3=2 + x2

�
dx = 2�

�
4x3=2

3
� x2 � 2x

5=3

5
+
x3

3

�1
0

= 2pi

�
4

3
� 1� 2

5
+
1

3

�
=
8

15
�:
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6. Find the volume of the solid generated by revolving the regions bounded by the lines and curves about
the y-axis.

(a) x = y3=2; x = 0; y = 2

(b) x =
p
2 sin 2y; 0 � y � �=2; x = 0

[Solution]

(a) Volume of the solid is
Z 2

0

(�y3) dy = �

�
y4

4

�2
0

= 4�



(b) Volume of the solid is
Z �=2

0

�(
p
2 sin(2y))2 dy = �

Z �=2

0

2 sin(2y) dy = � [� cos(2y)]�=20 = 2�:
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7. Use the method of cylindrical shells to �nd the volume of the solid obtained by rotating the region
bounded by the curves x+ y = 3 and x = 4� (y � 1)2 about the x-axis.
[Solution] For 0 � y � 3,

The volume �V of a typical cylindrical shell is

�V = 2�y [4� (y � 1)2 � (3� y)]| {z }
Height of cylindrical shell

�y

Thus, the volume V of the solid isZ 3

0

2�y[4� (y � 1)2 � (3� y)] dy = 2�
Z 3

0

y(�y2 + 3y) dy

= 2�

Z 3

0

�y3 + 3y2 dy = 2�
�
�y4
4
+ y3

�3
0

=
27�

2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



8. Consider the region bounded by the graphs of y = tan�1 x, y = 0 and x = 1.

(a) Find the area of the region.

(b) Find the volume of the solid formed by revolving this region about the y-axis.

[Solution]

(a) Note that for 0 � x � 1 and 0 � y � �=4, we have y = tan�1 x() x = tan y.

Area of the region is
Z 1

0

tan�1 x dx =
�
x tan�1

�1
0
�
Z 1

0

x

�
1

1 + x2

�
dx

=
�

4
� (1

2
)
�
ln(1 + x2)

�1
0
=
�

4
� 1
2
ln 2:

Alternative Method: Area of the enclosed region isZ �=4

0

1� tan y dy = [y � ln j secxj ]�=40 =
�

4
� (ln

p
2� ln 1) = �

4
� ln

p
2 =

�

4
� 1
2
ln 2:

(b) Volume of each cylindrical shell is (2�x)(tan�1 x)�x where 0 � x � 1.

Thus the volume of the solid is
Z 1

0

(2�x)(tan�1 x) dx = 2�

Z 1

0

x tan�1 x dx.

Now, we apply integration by parts to
Z 1

0

x tan�1 x dx :

u = tan�1 x; v0 = x so that u0 = 1
1+x2 and v =

x2

2Z 1

0

x|{z}
v0

tan�1 x| {z }
u

dx =

�
x2

2
tan�1 x

�1
0

�
Z 1

0

x2

2
(

1

1 + x2
) dx

=
�

8
� 1
2

Z 1

0

�
1� 1

1 + x2

�
dx =

�

8
� 1
2

�
x� tan�1(x)

�1
0
=
�

8
� 1
2
+
�

8
=
�

4
� 1
2
:

Thus, the volume is 2�(
�

4
� 1
2
) = �(

�

2
� 1).



Alternative Method: The volume of the solid is

Z �=4

0

�
�(1)2 � �(tan y)2

�
dy = �

Z �=4

0

�
1� tan2 y

�
dy

= �

Z �=4

0

�
1� (sec2 y � 1)

�
dy = � [2y � tan y]�=40 = �(

�

2
� 1)


