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1. Evaluate the expression and write your answer in the form a + bi, a,b € R.

(a) i179+i2013:i4(44)+3+z‘4(503)+1:Z‘3+Z':_Z'+Z':0
1429 1424)(3+ 47 3-8 (644 -5 10 -1 2
by L2 (2000 @9 ilory 5 10, -1 2,
34 (3-4i)(3+40) 3214 25 "25' " 5 ' 5

2. For each of the following, represent the complex number on the Argand diagram. Find the modulus
and the principal argument of the complex number. Hence express the complex number in its polar
representation.

(c) 1 —/3i=2(cos 5F +isin )

)
b) —1++/3i :2(0052.?”+isin%")
)
(d) —1—/3i =2 (cos =2T + isin =3)

3. Find the complex conjugate of each of the following complex numbers.

(a) 2i (Answer: —2i)
(b) 2 (Answer: 2)

(¢) 1+ 3i (Answer: 1 — 3i)

(d) —3 — 4i (Answer: —3 + 4i)
(e) a complex number with modulus 2 and argument 6 = %

5
(Answer: 2 (cos T —isin %) =1 — /3i)

)
(b) Im
(c) |2 >2
(@) ¢ <arg(z) < 5
e) |z—il=]2—-1
)



. Solve the following equation for the real numbers, x and y.

-\ 2
1 1
( ki Z) + — =141
1—1 T+ 1y
[Solution] Note that

N2 . AN 2
1 , 1414 , (144)(1+4) a2 .
s (1) = (B TEoE =2

Therefore,

_2 _
We have z = £ and y = &

. Suppose a complex number z = x + iy satisfies

a1l = 5l

z—1l==|z—1.
2

Show that x and y satisfy the following equation

4\? ! 8
T— = -] ==
3 YT3) Ty
8 4 -1
which represents a circle of radius % centred at (3, 3)
[Solution] From
1
|z =1 =]z —1l,
2
we have 1
e =1 +ayl = 5 lz+ily - DI,
which is equivalent to
1
o — 1 +iy|* = gletily - .
Thus, we have

(=1 +y* =7 (e +(y-1)%),

A~

1
<:>x272x+1+y2:Z(:E2+y272y+1)
=322 —8r+4=-3y -2y +1

8 2
(:>x2—§x+y2+gy+1:0.

Completing squares 22 — %m = (:c — %)2 — (%)2, and y? + %y = (y + %)2 — (%)2, we have
N e Y (B 1m0
73 3 Y73 3 o
= 4 2—|— —|—1 8
T — = -] ==
3 YT3) T

4 -1 8
The last equation is the equation of a circle, with centre (3, 3) and radius %



7. Express each of the following complex numbers in the form re?, with r > 0, and —7 < 6 < 7.
@) (1+v=3)° () 1
[Solution]
(a) (1+v=3)" = —2+2/3i.
Thus 7 = 1/(—2)2 + (2/3)2 = 4 and tan 6 = \_/—§ Since the complex number lies on second quadrant,
2

we have 6§ = =

Alternatively, we have 14+ /-3 = 26%, thus we have

(1+v=3)" = 22" = 45",

1+i  (1+i)(1+9)

b = — =%
(b) 1—14 2
141 2e % mi_ —mi xi
Alternatively, we have i - = V2 —— =ed 7 =e2.
=i Vac

8. Let z = a 4 ib, where a and b are some real numbers.
Show that

(a) z+ zZ = 2Re(z).
(b) z =z < z is a real number.
(c) If z is a root of ax® 4 bx? + cx +d = 0, where a, b, c and d are real constants, then Z is also a root
of ax® +bx? +cx +d = 0.
Remark More generally, we have

Suppose that p(x) = ap + a1z + ... + a,x™ is a polynomial in x with real coefficients ay’s. If
a complex number z is a solution of p(x) = 0, then the conjugate Z of z is also a solution of

p(z) = 0.

[Solution]

n

(a) 24+ 2z = (a+ib) + (a — 1b) = 2a = 2Re(2).
(b) Let z = a+ ib. Then

z=Z<= (a+1ib) = (a—ib) <= b= —b <= b= 0 <= z is a real number.
(c) If z is a root of ax® + bx? + cx + d = 0, where a, b, c and d are real constants, then
az® +b22 +cz+d=0——(x).

(Our aim is to prove az® + bz +cz +d =0.)
Taking conjugation of the equation (*), we have

az3 +bz2+cz+d=0=0.

Applying properties z1 + zo0 = Z1 + 2Z2 and Z7 - 23 = Z1 - Z2, we have
az’ +bz> +ez+d=0.

For each real number a, b ¢ and d, its conjugation is the real number itself. Thus we have
az’ +bz° + cz+d=0.

The above simply means that Z is a root of ax? + bx? + cx +d = 0.



9. Express each of following complex numbers in the form (i) cosa + isina and (ii) = + iy.

(a) (coserisinz)?:cos?—WJrisin?—ﬂ:cosz+isinz:1+£i
3 3 3 3 3 3 2 2
2
1 1 2 2 2 1 3
(b) 5 < — W) :(cosz—i—z'sinI) :cos—ﬁ—i—isinl:f—i—ii
(cosffzsm%) cos g —ising 6 6 6 6 2 2
cos g +isin g cos § +isin g cos § +isin g

C = =
( (—cos % +isin% )4 (cos—+zsm%’r)4 (cos 8T +isin 1)

w|x

10. Without using any series expansions, prove that
(V34" 4+ (V3 — )", is real.

Find the value of this expression when n = 12.
[Solution] Note that v/3+i =2 cis (¥) and v/3 —i = 2 cis (5F). By De Moivre’s Theorem, we have

(\/ﬁiz‘)" = 2" cis (igﬂ).

Therefore, we have

(V3+i)"+ (V3 —i)" = (2 cis (%))n + (2 cis (‘(f))n

_ (2" cis (%”)) + (2" cis (‘””)) —on ((cos(%”) +¢sin(%”)) + (cos(%”) - ism(%)))
=2" (2 cos(%r)) = cos(%r), which is real.

When n = 12, we have

(V3412 + (V3 —14)'2 = 23 cos(27) = 213,

[Alternative Solution] We use the result: z = zZ <= z is real.
Let z = (v/3+4)" + (v/3 —4)™. Consider the conjugation of z:

2= (V3+i)m+(V3—i)n = (V3+i)" + (V3 —i)n
= (\/g—l—i)n—l—(\/g—i)n:(\/g—i)"+(\/§—i)":z

Therefore, z is a real number.
Note that the conjugation of w = (v/3 +14)" is @ = (/3 — i)™. Thus we have

z=w+ 0 = 2Re(w) = 2Re(V3 + )" = 2Re(2ds%)” = 2Re(2"cis%) = 2" cos %
When n =12, z = 23 cos 127 = 213,



11.

12.

Find all four distinct fourth roots of —163.
[Solution] Note that —16i = 2%cis(5~).

Thus the four distinct fourth roots of —16¢ are

-_n 2k
2 = 2cis(%), k=0,1,2,3;
which are
)
2o = 2cis(—), z1 =2cis(—), 22 =2cis(—), 23 =2cis(—) =2 (Tﬁ)

Solve the following equations.
(a) 2% +4224+16=0

(b) 224+1=0

() 224+224+2+1=0

[Solution] Note the these three equations involves real-coefficient polynomials. Thus, if w is a complex
root of the polynomial equation, its conjugate w will also be a root of the equation.

(a)
A 442 4+16=0< 22 =

—4+ /22 41 .
5 U6 _ 5 0vBi = 4%

Thus, we have
5 = 9p(EHE+2km)i/2 _ 9, BELNT, k=0,1.

The roots are . .
20 = 2e3 = 1—|—\/§i,z1 =23 =23 :—1—\/§i,
Zy =27 =1-—+/3i, and 2} =27 = —1+ V/3i.

Remark: Note that z* 4+ 422 4+ 16 is a real-coefficient polynomial of degree 4. Thus a complex
root and its conjugate will be roots. Here we have zy and z{, are conjugate pair, while z; and z}
are another conjugate pair.

A4l=0c=t=-1=¢"

Thus, we have

z = e(%zﬂi) = e(%f)”,k =0,1,2,3;
which are
Z e — + —= =ei’' =——+ —
0 RV R A AT AT
B pgmi ] Fi_gwio 1 _ 1,
zZ9 — € =€ = ZOIZ—e =€ = —— — —=1.
? R A V2 2

Remark: Which roots are conjugate pairs?

< (z+1)=0o0r (2* +

B4 241=0= 22+ 1)+ (z+1) =0 2+ 1)(2+1) =0
1)=0
e z=—lorz’?=-1=¢"

; . 3w, .
< z=—-lorz=e2'=30rz=e2"'=—4

Remark: Which roots are conjugate pairs?



13. Solve the equation (

14.

[Solution]

Thus we have

which gives

z— 4

3
) = 4 and represent the roots of the equation in an Argand diagram.

a4\ _.
2i N

— (2 —4i)® = i(20)? = 8 = 8%

21

z—4i=2e"CF/3 | =0,1,2;

Z=4i+2e"F /B | = 01,206, 2 =4i4+20r z=4i+ (=1 +iV3) or 2 =4i + (—1 —iV/3).

Roots of the given equation are:

z2=244i, or z=—14+i(4+V3)or,z=—-1+i(4—V3).

If a is a complex 5th root of unity with the smallest positive principal argument, determine the value

of

1+ a1+ )1+ ) (1 +a).

[Solution] The five distinct 5th root of unity are given by

% P
2 = cis Tﬁ = (cis %)k,k:071,2,3,4.

Thus, we have av = cis (%’T) Each o is a 5th root of unity, and it satisfies 2> — 1 = 0.

Hence, we factorise 2° — 1 as

2 —1=(z-1)(z—a)(z—a*)(z—a®)(z —a).

Substituting z = —1, we obtain

—2=-2(-1-a)(-1-a?) (=1 -a®)(-1-a?) = =2(1 4+ a)(1 + a*)(1 4+ >)(1 + a?),

which gives



0
15. Suppose sin 3 # 0. Prove that

n . l
LS coskg = Snlln £ 2)0
2 P 2sin 5

z(z" —1)

z—1 )

n
(Hint: Let z = cosf + isin . Geometric sum: Z =t =
k=1
[Proof.] This problem is OPTIONAL.

We shall prove that
n . l
S cosko = L 20 L
Pt 2sin 5

Note that cos k6 is the real part of the complex number cos kf+i sin k6, which in turn is (cos 6 + i sin G)k =

e’* by DeMoivre’s Theorem. Let z = cos@ + isinf = €'’ we have

n ‘ _n ‘ k_n k_Z(l—Zn)
Z::(COka—Hbmk;G)—Z(CO&G—FmeH) —kz::lz =1

k=1 k=1

1 — et o 1 — et

ei@ (1 o ei(n@)) ei@ (1 o ei(n@)) (e—i0/2> ei9/2 (1 _ ei(n@)) ei0/2 _ ei(n+1/2)9

672 | ~ (=72 — ¢i]2) T T eib/2 _ ¢if)2

= o O n
2281112 7

(cos (§) +isin (5)) = (cos [(n+3) 0] +isin [(n+3) 0]) (z)

B sin[(nJr%)@] fsing +icosgfcos[(n+%)9].

A P
2sm§ 2Sln§

Comparing the real parts of both sides, we have

icoskﬁ _ sin [(n+ %) 90] —sin g _ sin [(n.—&—é) 0] 1
— 2sin 5 2sin 5 2

Thus

n . l
LS coskg = Sl 2)0
2 — 2sin 5



16. (a) Use De Moivre’s Theorem and binomial expansion to show that

cos 50 = cos® @ — 10 cos® Osin? 6 + 5 cos O sin? 6.

(b) Express sin 56 in terms of powers of cos and sin 6.

(c) Hence, obtain an expression for tan 56 in terms of powers of tan 6.
5t — 10t% 4 t°

1—10¢2 + 5t4)
[Solution] Let z = cos® + Bsinf. By De Moivre’s Theorem, we have 2° = cos560 + isin50. Thus,
cos 50 = Re(z), and sin 50 = I'm(z).

Using Binomial Expansion, we have

(Answer: (b) 5cts — 10c%s% + s (c)

2% = cos 50 + isin 50 = (cos O + isin §)°
= +i5cts — 10¢®s? — i10c%s 4 best + is®
(a) Comparing the real parts, we have

cos 50 = cos® @ — 10 cos® Osin? 0 + 5 cos O sin? 6.

(b) Comparing the imaginary parts, we have

sin 50 = sin® @ — 10 cos? 0 sin®  + 5 cos* O sin 6.

(c) Dividing sin 50 by cos 50, we have

sin® 6 — 10 cos? O sin® 0 + 5 cos* O sin 0

tan 50 = — —
cos®  — 10 cos3 0sin” 0 + 5 cos O sin” 0

sin® @ 10cos® @ sin® 0 + 5 cos? fsin 0
cos® 0 cos® 6 cos® 0
cos® @ _ 10cos3 fsin? 6 + 5 cos 0 sin
cos® 0 cos® 6 cos® 0

B tan® @ — 10tan? 0 + 5 tan* @
n 1 —10tan® +5tan6




17. (a) Let z = cosf + isinf. Show that

1
(1) o= cosf — isin 6.
1 1
(i) 2"+ = = 2coskf and 2F — — = 2isin k6, for k € Z*.
z z
(b) Use the results in part (a) to prove that

1
cos? 0 = 3 (cos40 4 4cos26 + 3).

Hence find the integral / 8cos 0 db.

[Solution]

(a) Let z =cosf + isiné.

1 1 5@ — isinf
cos Y cosf —isinf.

( z  cosO+isin®  cos?f +sinf
(ii) By De Moivre’s Theorem, we have

2% = cos(k0) + i sin(k6),
and hence
1 1

2k cos(kB) + i sin(kO) = cos(kf) — isin(k6).

1 1
Thus, we have ¥ + — = 2coskt and 2k — — = 2isinkb, for k € A
z z

(b) Use the results in part (a), we have
4
1 1 1 1 1 1 1
ag_ (1 L _ 4 331 20142 13, 14
cos™ 6 = (2 (z—|— z)) 51 (z +4(z )2—1—62 (z) +4z(z) +(z) )

1 (., 2 1 1
(z + 4z +6+4(Z2)+z4)

1 1 1
= ((z4—1—z4)+4(22—|—22)+6)
(2cos46 + 4(2 cos20) + 6)

1
= g(cos49+400529+3).

Hence, we have

/800549d9:/cos49+4c0529—|—3d9:SIZ4H+2Sin20+36’+C.




