Nanyang Technological University
SPMS/Division of Mathematical Sciences

2015/16 Semester 1 MH1810 Mathematics I Tutorial 5

Reference: Thomas’ Calculus: Chapter 2, Section 2.1 - 2.2, 2.4 - 2.6.

1. Suppose that limlp(:c) =4, limlq () =m and limlr (x) = 3. Determine each of the following limits
xr— xr— €Tr—
and justify each step by indicating the appropriate Limit Law(s).

(a) lim [rp (@) + 4 (@) = (g) @) (b) lim 21D 4L2)

z—1 r(z)
[Solution]
(a) lim [mp () + ¢ (z) = (gr) ()]
= hm [mp (z)] + limlq (z) — liml(qr) () (Limit laws for +)
=7 hmlp( )+ 7T — (hm1 q(x)) (hm1 r(x)) (Limit laws for product)
=n(4)+7—(m)(3) =2~
(b) Similarly, we apply Limit law for quotient etc.
z—1  r(x) lim1 (r(x)) 3 3

2. Find the limit.

(a) lim cosz = cos(m/2) =0

z—m/2
(b) lim 179 = 179
(c) 111?7 (2® + 7 +V2) =9+ 31 + V2

(d) lim 4¥ =43 =64 (e) lim Vt=+V125=5
y—3 t—125

3. Use continuity to determine the following limits.

(a) lim ,/ ‘/
z—1 1—|—3x 1-|—3

(b) hrnlsm (z—1)* =sin(1-1)°
. (2—a*)m\ (2-1%)7\ T
(c) il_}ml tan( 3 = tan 3 —tan(3>—\/§

(d) lirréln|x—2\ =Inl3-2|=In(1)=0

2 2
(e) lim tan~* ) ctant (2) =T
o2 2 2 4

[Answer: (a) 2 (b) 0 (c) V3 (d) 0 (e)

N



4. Use appropriate techniques to find the following limits.

3_ _ 2 2
(a) lim — ! = lim (- D tz+1) im @toetl) 3
=122 -1 2—-1 (z-1)(xz+1) a—1  (z+41) 2
22 22 2 22 2
() tim ST gy @ EVD 2)(:”[) = lim (z+V2) = 2V2
. x . r(Vo+141) . z(Vr+1+41) .
R s B e 0y BTV e i S S Jim (Ve 141)
. t2 -9 . (t=3)(t+3) . (t=3) 6
d) lim — 2 = lim 2T =
@t s I e A e 5
11 1- -1
(e) lim 2" = lim —— & = lim — = —1
z—11x—1 z—1 1‘(3’,‘—1) z—1
2t 2t —sin®¢
(f) lim o8 — lim €08 STn = lim (cost +sint) = V2
t—Z cost —sint t—% cost —sint t—Z
. (2+h)P*-8  (8+12h+6h2+h%) -8 o
(g) ilzlino - —’llli% - —%ﬁr})(l2—&-6h+h ) =12
2
Vv - - 1
h) Gim YEF2=3 g, @28, 1 ]

—_— = lim —.
r—T+ x—7 rz—T7t (1‘77)(\/1‘+2+3) r—Tt (\/l‘+2+3) 6
1 1 1) -1 1
(i) lim (- — C g (P g (A
t—ot \t t2+t t—o+t \ t(t+1) t—ot \t+1
1
. . 4 <
%) ;11)110 (:r COSx)
4

1
[Solution] We use Squeeze Theorem to show that lirr}) (x cos ) exists.
T— xT

1.

For = # 0, we have

1
—1 <cos— <1.
T

Multiplying throughout by z*, we have
4 4 1 4
—x* <z cos— < z".
T

4

1
Since lim (—z*) = 0 and lim (2*) = 0, we conclude that lim z* cos — = 0 by Squeeze Theorem.
x

z—0 z—0 z—0
1

Remark We cannot use limit law for product because lir% <cos ) does not exist. (The values
r— €T

cos% oscillate between —1 and 1 as x approaches 0. )



5. Determine whether lim f(x) exists where

z—2
3r —6 .
PR if0<x <2,
fl@)=14 0 if =2,
r2 if2<z<3
— i x < 3.
V3i—-z—-1
[Solution] We use Equal One-sided Theorem.
- )
lm f(z) = lim 220 gy @2 3 3
z—2- s—2- 22 —4 o2 (z—2)(x+2) w2 (z+2) 4

i . x—2 V3—-zxz+1 . (z—=2)(V3—z+1)
lim f(z) = lim = lim
z—2+ z—=2t \/3—x—1 V/3—ax+1 =z—2t 3—z—1

C g EZAWSZEED (AT =2

r—2+1 *((L’ — 2) r—21

Since hng, f(z) # lir121+ f(z), the limit 1irn2 f(z) does not exist.

6. If the product h(z) = f(z) - g(z) is continuous at z = 0, is it always true that f(z) and g(z) must be
continuous at x = 07 Give reasons to your answer.

[Solution] No. Consider the following functions

1 ifz<0 0 ifz<0,
f(a:){o it 2>0 and g(x) =< 1 ifz>0

Then h(z) = 0 for every real number x. Thus, h is continuous at = 0. However, both f and g are
not continuous at x = 0.

7. Find real constants ¢ and d that makes g continuous at = = 4.

22— ifx <4,
g(z) =< d if v =4,
cx+20 if x> 4.
[Solution]

For g to be continuous at x = 4, we must have lirr}1 g(x) = g(4).
Thus, we must have lim g(z) = lim g(z) = g(4).
T—4- x—4+

Note that g(4) = d, lim g(z) = lim (2% —¢®) =16 — ¢?, and lim+ g(x) = lirzrllJr (cz +20) = 4c + 20.
r—4- r—4 r—

r—4~

For continuity of ¢ at 4, we need to have 16 — ¢ = 4c + 20 = d.
16— c* =4c+20<=c*+4c+4=0
= (c+2)?2=0
— (c+2)=0<c=-2

The value for the constant ¢ is —2 and d = 4¢ + 20 = 12 for g to be continuous at = = 4.



Remark For z < 4, note that g(z) = 22 — ¢? is a polynomial of degree 2 for any value of c¢. Thus g is
continuous on (—o00,4). Similarly, for x > 4, g(z) = cx + 20 is also a polynomial (of degree 1 if ¢ # 0
and it is constant if ¢ = 0). Thus, g is continuous on (4, 00). So, g is continuous on (—oo,4) U (4, c0)
for any value of the constant c.

. Suppose 3z < f(z) <a®+2for 0 <z < 2.

(a) What is f(1)?

(b) Use Squeeze Theorem to evaluate ll_)ml f(x).

(¢) Is f continuous at z = 17
[Solution]

(a) For f(1), we substitute x = 1 into 3z < f(z) < 23 +2. We have 3 < f(1) < 3. Thus, f(1) = 3.

(b) Note that f(z) satisfies the inequality 3z < f(z) < 23 +2 for 0 <z < 2.
Moreover, lim1 3z = 3 and lim1 z2+2=3.

By Squeeze Theorem, we have lim1 flx)=3.
(c¢) From Parts (a) and (b), we have 1im1 f(z) = f(1), i.e., f is continuous at = = 1.

. Under certain circumstances a rumor spreads according the equation

1

t) = ———
p(t) 14+ ae k¢

where p(t) is the proportion of the population that knows the rumor at time ¢ and a and k are positive
constants.

(a) Find tlim p(t).

(b) For a =10, k = 0.5 and ¢ being measured in hours, how long will it take for 80% of the population
to hear the rumor?

(Answer: (b) = 7.3778 hours)

[Solution]

(a) Since k > 0, we have

I ) = i 1 1
1im = lim = =
t—>oop t—oo 1 + ae—kt 1+a- 0

(b) For a = 10, k = 0.5 and ¢ being measured in hours, how long will it take for 80% of the population
to hear the rumor?

Suppose P(tp) = 0.8. This means

1

1+ 10e-@5m — 0%

1

T T = 08> 1+ 10e~ (09 = 1/0.8 = 1.25 <= 10~ (0P = (.25
(0.

e ¢ (05)t0 — () 025 «— —(0.5)tg = In0.025 ~ —3.6889

Thus, tg ~ 7.3778.
At 7.3778 hours, 80% of the population has heard the rumour!! (So, don’t spread rumour !!)



10. Determine the following infinite limits.

1 1 1
(a) lm ——=lim — —— =40
z—1- 1—22 z51- (1—2) (1+2)
——
——+00 —1/2

X x
b) i — =i Y - .
( ) gr;i>nl’l+ 1-— \/E xiglJr 1-— \/E

Note: For « > 1, we have y/x > 1 so that 1 — /z < 0. Thus,

T 73:\/5 < 0. This explains why it

is a negative infinity.



