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Topics: L’Hospital’s Rule, Mean Value Theorem, First and second derivatives, Increasing/Decreasing,
Concavity, Local extrema, Antiderivatives.

1. Find each of the following limits.
Use "Hospital’s Rule where appropriate. If there is a more elementary method, consider using it. If

I’Hospital’s Rule does not apply, explain why.
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We apply L’Hospital’s Rule.
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3. Suppose that 3 < f/(z) < 7 for all real numbers z. Use the Mean value Theorem to show that

15 < f(9) — f(4) < 35.

[Solution] Note that f is continuous on [4, 9] and differentiable on (4,9). By the Mean Value Theorem,
there exists ¢ € (4,9) such that

fO-f@)
94

Since 3 < f’(¢) < 7, it follows that

Hence, we have

4. Consider the equation
23+ 322 4z +1=0.
(a) Use the Intermediate Value Theorem to show that the above equation has at least one real root.

(b) Use Mean value Theorem to show that the equation z® + 322 + 42 4+ 1 = 0 has at most one real
root.

(c¢) Conclude from Parts (a) and (b) that the above equation has exactly one real solution.
[Solution]

(a) Let f(x) =23+ 322 + 42 + 1, which is continuous on R.
We evaluate f(z) at some values: f(0) =1>0and f(—1)=—-1<0.

Since f is continuous on [—1,0], f(0) > 0 and f(—1) < 0, by Intermediate Value Theorem f(c) =0
for some ¢ € (—1,0).

Thus, the equation 23 + 322 4+ 42 + 1 = 0 has at least one real root.

(b) Suppose, on the contrary, that the equation has more than one real roots. That means, there are
two distinct real numbers a and b at which f(a) =0 and f(b) = 0. We may assume a < b.

Note that f is continuous on [a,b] and f is differentiable on (a,b). By Mean Value Theorem,
there is a real number « € (a, b) such that

However, f(a) =0 and f(b) = 0 so that w = 0. Hence we have f'(a) = 0.

The derivative of f is
fl(@) =32 +62+4=302"+22)+4=3(z+1)*-1)+4=3@x+1)*+1>1>0.

This means that there is no real number a at which f’(a) = 0. Therefore, the equation has at
most one real root.

(¢) From Parts (a) and (b), we conclude that the above equation has exactly one real solution.



(a) Explain why f increasing on [1, c0).

(b) Use part(a) to prove that for all z > 1,
1
2V >3 — =.
x

[SOLUTION]

(a) The function f(z) = 2y/z — (3 — 1) is continuous on [1,00) since v/ and I are continuous on

[1,00).
Differentiating f, gives
1 zyz-1

1
Vo a2
for > 1. Therefore, f is increasing on [1, c0)

(b) Use part(a), we have

flz) =

>0,

flx)> f(1),z > 1.
That is,
2\/5—(3—%) > f(1) =0,z > 1.
Therefore, all x > 1,
2V > 3 — 1.
x

Comment The method used in this question is one standard technique applied to verify an inequality,
if the function involved is differentiable.

xT

6. Determine the global maximum value of the function f(z) = 1:;2, x € R. Justify your answer.
e xr
[Solution]
With f(z) = Zlfj’ we have, at every x € R,
f/( ) e 0c e2 (em _ 631:) e (1 _ 621)
r) = ——— — e = = .
e?® 41 (e2r +1)°  (e2r +1)° (e2r 4 1)°

Note that f/(x) > 0 if and only if (1 — €%*) > 0, i.e., e** < 1, i.e., x <O0.
Hence f is increasing on (—o0, 0].

Similarly, f/(x) < 0 if and only if (1 — e?*) < 0, i.e., €** > 1, i.e.,, x > 0. Hence f is decreasing on
[0, 00).
Since f is continuous on (—o00,00), we conclude that f has a global maximum at = 0. The global

maximum is f(0) = 0.5.

Remark From f”(0) < 0, we can only conclude that it is a local maximum.



7. Classify all critical points of the following functions.

(a)
(b)
(c)

f(z) =v3+2x —a?, for z € (—1,3).
fz) = g - 2sing, for z € (0, 2m).
fz) =

(z

(z

3 —2x 44 for z € R.

[Solution]

(a)

For f(z) = v/3 4 2z — 22, where x € (—1,3), we have

2—2x 1—=x
= = ’Jj
2W3+2x—22 V3+2x—2a2

Note that there is no singular point of f in (—1,3).

f'(=) € (=1,3).

Setting f’(x) = 0, we have 2 = 1, which gives a stationary point of f.
Thus, = 1 is the only critical point of f in (—1,3).

For —1 <z <1, f'(x) > 0 whereas f'(z) <0 for 1 <z < 3.

By the first derivative test, we conclude that f(1) is a local maximum.

Note The second derivative of this function is quite involved to evaluate. Thus, it is better to use
first derivative test.

For f(z) = g - QSing7 where z € (0,27), we have

1
2
Note that f’(z) =0 if and only if § = T, ie., z = 2r
We have f”(2F) = 1sin 2% > 0.

By second derivative test, we conclude that f(2X

%) is a local minimum.
Consider f(z) = 2% — 2z + 4 for € R. We have

f'(x) =32% —2 and f’(z) = 6z, € R.

Note that there is no singular point and f'(x) =0 for « = :I:\/g.

Now, we have f” (\/g> = 6\/g >0, and f” (— %) = —6\/g < 0.

By second derivative test, we conclude that f ( %) is a local minimum whereas f (— 2) is a

local maximum.



8.

10.

Find the general antiderivative for each of the following functions. Check your answers by differentia-
tion.

(a) sec? 2z — sin (3x + 5)

9 1
(b) (1—$)2+1+3x

1 1
\/1—x2_$2+1

(c) >+
[Solution]

1 1
(a) / sec? 2x — sin (3z + 5) dxzitan(Qx)—l—gcos(?)x—l—E))—i—C
1 1 223 2° 1
1-2%)° — [ (1-22% 42" —r— 4+ 4ot
(b)/( a:)—|—1+3xd$ /( x—|—x)+1+3xd:€ x 3—|—5—|—3n\ +3z| + C)

. Find the following indefinite integrals. Check your answers by differentiation.

(a) /(cos2m+200s33) dx
(b) / (14 tan®6) db

(c) /cot2 x + 3sec®(3z) dx
[Solution]

sin 2x

(a) /(cost—i—Qcosm) dx = +2sinz + C

(b) /(1+tan29) d@z/(secQG) df = tan 0 + C

(c) /cot2x+3sec2(3x) dx = / (esc®x — 1) + 3sec’(3z) do = — cot z — x + tan 3z + C

Find the curve y = f (x) that passes through the point (9,4) and whose gradient at each point (z,y)
is 3y/x.

[Solution] Note that

dy
/ = — = = 1/2
I (z) Ir 3z =3z,
so that 3/2
_ 3z _ 9..3/2
f(zx)= 372 +C =22"*+C.

When z =9, y = 4 which gives
4=227)+C=C=-50

Thus,
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(a) Express < 5 n> as — f(—) for some function f.
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definite integral f(z) dx and use it to evaluate the limit.
0

[Solution]

(a) Note that <2kn;”> - % (an_”) - % <2(7’j) - 1).

Thus, we have f(z) = 2z — 1. (Replacing % by x)
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11. Express each of the following limits as a definite integral / f(z) dx and use it to evaluate the limit.
0
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(Answers: (a) 2 (b) In2 (c) £.)
[Solution]
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Rewriting
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